We study the Lie algebra structure of the first Hochschild cohomology group of a finite dimensional monomial algebra Λ, in terms of the combinatorics of its quiver, in any characteristic. This allows us also to examine the identity component of the algebraic group of outer automorphisms of Λ in characteristic zero. Criteria for the (semi-)simplicity, the solvability, the reductivity, the commutativity and the nilpotency are given.
Introduction
The Hochschild cohomology H * (Λ, Λ) of any associative algebra Λ over a field k has the structure of a Gerstenhaber algebra (see [5] ). In particular, the first Hochschild cohomology group H 1 (Λ, Λ) is a Lie algebra, a fact which can be verified directly. Note that in the finite dimensional case in characteristic 0 this Lie algebra can be regarded as the Lie algebra of the algebraic group of outer automorphisms Out (Λ) = Aut (Λ)/Inn (Λ) of the algebra Λ. It has been treated by Guil-Asensio and Saorín in [8] . Huisgen-Zimmermann and Saorín proved in [11] that the identity component Out (Λ)
• of the outer automorphism group of Λ is invariant under derived equivalence and Keller [13] showed that Hochschild cohomology is preserved under derived equivalence as a graded (super) Lie algebra. Consequently the Lie algebra H 1 (Λ, Λ) is invariant under derived equivalence. The purpose of this paper is to study the Lie algebra structure of H 1 (Λ, Λ) in the case of finite dimensional monomial algebras without any restriction on the characteristic of the field k using only algebraic methods. The relationship between H 1 (Λ, Λ) and Out (Λ) allows us to transfer the results obtained in this way to the identity component Out (Λ)
• of the algebraic group Out (Λ) in characteristic 0. Thus we give a different proof of Guil-Asensio and Saorín's criterion for the solvability of Out (Λ)
• and we generalize some results they obtained using algebraic group theory and methods in algebraic geometry. This paper is organized in the following way: in the first section we will use the minimal projective resolution of a monomial algebra Λ (as a Λ-bimodule) given by Bardzell in [1] to get a handy description of the Lie algebra H 1 (Λ, Λ) in terms of parallel paths. The purpose of the second section is to link this description to Guil-Asensio and Saorín's work on the algebraic group of outer automorphisms of monomial algebras (see [9] ). In section three we carry out the study of the Lie algebra H 1 (Λ, Λ). In particular we give criteria for the (semi-)simplicity, the solvability, the reductivity, the commutativity and the nilpotency of this Lie algebra and consequently of the connected algebraic group Out (Λ)
• , in terms of the combinatorics of the quiver of Λ. Finally a Morita equivalence given by Gabriel in [3] in case char k = p > 0 between group algebras kG where the finite group G admits a normal cyclic Sylow p-subgroup and certain monomial algebras allows us to apply some of our results to the Lie algebra H 1 (kG, kG). Note that the Hochschild cohomology is Morita invariant as a Gerstenhaber algebra (see [6] ). We give some notation and terminology which we keep throughout the paper. Let Q denote a finite quiver (that is a finite oriented graph) and k an algebraically closed field. For all n ∈ N let Q n be the set of oriented paths of length n of Q. Note that Q 0 is the set of vertices and that Q 1 is the set of arrows of Q. We denote by s(γ) the source vertex of an (oriented) path γ of Q and by t(γ) its terminus vertex. The path algebra kQ is the k-linear span of the set of paths of Q where the multiplication of β ∈ Q i and α ∈ Q j is provided by the concatenation βα ∈ Q i+j if t(α) = s(β) and 0 otherwise. We denote by Λ a finite dimensional monomial k-algebra, that is a finite dimensional k-algebra which is isomorphic to a quotient of a path algebra kQ/I where the twosided ideal I of kQ is generated by a set Z of paths of length ≤ 2. We shall assume that Z is minimal, i.e. no proper subpath of a path in Z is again in Z. Let B be the set of paths of Q which do not contain any element of Z as a subpath. It is clear that the (classes modulo I = Z of) elements of B form a basis of Λ. We shall denote by B n the subset Q n ∩ B of B formed by the paths of length n. Let E ≃ kQ 0 be the separable subalgebra of Λ generated by the (classes modulo I of the) vertices of Q. We have a Wedderburn-Malcev decomposition Λ = E ⊕ r where r denotes the Jacobson radical of Λ. This work will form part of a Ph.D. thesis under the supervision of Claude Cibils. I would like to thank him for his comments and his encouragement which I appreciated.
Projective resolutions and the Lie bracket
The Hochschild cohomology H * (Λ, Λ) = Ext * Λ e (Λ, Λ) of a k-algebra Λ can be computed using different projective resolutions of Λ over its enveloping algebra Λ e = Λ ⊗ k Λ op . The standard resolution P Hoch is
Applying the functor Hom Λ e ( , Λ) to P Hoch and identifying
for all n ∈ N, yields the cochain complex C Hoch defined by Hochschild:
, n ∈ N, and x 1 , . . . , x n+1 ∈ Λ. In 1962 the structure of a Gerstenhaber algebra was introduced on the Hochschild cohomology H * (Λ, Λ) by Gerstenhaber in [5] . In particular the first cohomology group H 1 (Λ, Λ) which is the quotient of the derivations modulo the inner derivations of Λ is a Lie algebra whose bracket is induced by the Lie bracket on Hom k (Λ, Λ)
Lie subalgebra of Hom k (Λ, Λ) and the 1-cocycles, i.e. the inner derivations Ad k (Λ) = Im d 0 = {f ∈ Hom k (Λ, Λ) | ∃a ∈ Λ such that f (x) = ax − xa ∀x ∈ Λ} an ideal of this Lie algebra. In order to compute the first Hochschild cohomology group H 1 (Λ, Λ) of the finite dimensional monomial algebra Λ, we shall use the minimal projective resolution of the Λ-bimodule Λ given by Bardzell in [1] . The part of this resolution P min in which we are interested is the following:
where the Λ-bimodule morphisms are given by
for all λ, µ ∈ Λ, a, a n , . . . , a 1 ∈ Q 1 and p = a n . . . a 1 ∈ Z (with the conventions a n+1 = t(a n ) and a 0 = s(a 1 )).
Remark 2.1 Our description of P min is equivalent to Bardzell's, because if X denotes a set of paths and if kX is the corresponding E-bimodule, then the map
Lemma 2.2 Let M be an E-bimodule and T a Λ-bimodule. Then the vector space
Proof: The linear morphism Hom
Applying the functor Hom Λ e ( , Λ) to P min and using the preceding Lemma yields the cochain complex C min 0 −→ Hom E e (kQ 0 , Λ)
where the coboundaries δ * 0 and δ * 1 are given by
where f ∈ Hom E e (kQ 0 , Λ), a, a n , . . . , a 1 ∈ Q 1 , g ∈ Hom E e (kQ 1 , Λ) and p = a n . . . a 1 ∈ Z.
As it is useful to interpret H 1 (Λ, Λ) in terms of parallel paths we introduce now the following notion: two paths ε, γ of Q are called parallel if s(ε) = s(γ) and t(ε) = t(γ). If X and Y are sets of paths of Q, the set X//Y of parallel paths is formed by the couples (ε, γ) ∈ X × Y such that ε and γ are parallel paths. For instance, Q 0 //Q n is the set of oriented cycles of Q of length n. Lemma 2.3 Let X and Y be sets of paths of Q and let kX and kY be the corresponding E-bimodules. Then the vector spaces k(X//Y ) and Hom E e (kX, kY ) are isomorphic.
Proof: Define a linear morphism k(X//Y ) → Hom E e (kX, kY ) by sending (ε, γ) ∈ X//Y to the elementary map which associates γ to ε and 0 to any other path of X. If f : kX → kY is an E-bimodule morphism, we have for every path ε ∈ X that f (ε) = f (t(ε)εs(ε)) = t(ε)f (ε)s(ε) and thus f (ε) = (ε,γ)∈X//Y λ ε,γ γ, where λ ε,γ ∈ k. This allows us to define a linear morphism Hom E e (kX, kY ) → k(X//Y ) which assigns to f : kX → kY the element (ε,γ)∈X//Y λ ε,γ (ε, γ). Obviously, the two morphisms are inverse to each other.
q.e.d. 2.3
Using the following notations we will rewrite the coboundaries: 
, where ε i ∈ B and let η be a path of B parallel to ε. By abuse of language we denote by (η, ε (a,γ) ) the sum
(ii) The function χ B : n∈N Q n → {0, 1} denotes the indicator function which associates 1 to each path γ ∈ B and 0 to γ ∈ B.
(iii) If X is a set of paths of Q and e a vertex of Q, the set Xe is formed by the paths of X with source vertex e. In the same way eX denotes the set of all paths of X with terminus vertex e.
Remark 2.5
If (a, γ) ∈ Q 1 //(B − Q 0 ), then all the nonzero summands of ε (a,γ) are distinct.
If we carry out the identification suggested in the preceding Lemma, we obtain:
The beginning of the cochain complex C min can be characterized in the following way
where the maps are given by
The verifications are straightforward.
Theorem 2.7
The bracket Proof: As P Hoch and P min are projective resolutions of the Λ-bimodule Λ, there exist, thanks to the Comparison Theorem, chain maps ω : P Hoch → P min and ς : P min → P Hoch . Let us choose these Λ-bimodule morphisms such that
where λ, µ ∈ Λ, a, a n , . . . , a 1 ∈ Q 1 and a n . . . a 1 ∈ B. As a chain map between projective resolutions is unique up to chain homotopy equivalence, ω and ς are unique up to chain homotopy equivalence and such that ω • ς is homotopic to id Pmin and ς • ω is homotopic to id P Hoch . Therefore, the cochain maps Hom Λ e (ω, Λ) and Hom Λ e (ς, Λ) are such that Hom Λ e (ς, Λ) • Hom Λ e (ω, Λ) is homotopic to id Cmin and Hom Λ e (ω, Λ) • Hom Λ e (ς, Λ) is homotopic to id Hom Λ e (P Hoch ,Λ) . Hence these maps induce inverse linear isomorphisms at the cohomology level. Taking into account the identifications above we obtain that
and Proof:
Since σ is an E-bimodule morphism, the image of an arrow a is a linear combination of paths of B parallel to a.
The fact that σ is a well-defined derivation implies that we have for
Thus we have in k(Z//B) the equality 0 =
) which is the same as to say that (a,γ)∈Q1//B λ (a,γ) (a, γ) is an element in Ker ψ 1 . This enables us to define the linear function
On the other hand we can associate to every x = (a,γ)∈Q1//B λ (a,γ) (a, γ) in Ker ψ 1 an E-bimodule morphism σ x : Λ → Λ by setting σ x (e) := 0 for every vertex e ∈ Q 0 and σ x (c) := (c,γ)∈Q1//B λ (c,γ) γ for every arrow c ∈ Q 1 . To make σ x a derivation we extend σ x to paths ε = b m . . . b 1 of length m ≥ 2 by the formula
which shows that σ x is welldefined. This allows us to define the linear function
It is clear that ξ and ζ are inverse to each other which proves that Der E e (Λ) and Ker ψ 1 are isomorphic k-vector spaces. In order to check that ζ is a Lie algebra morphism let us fix x = (a,γ)∈Q1//B λ (a,γ) (a, γ) and
where Proof: Let y = γ∈B λ γ γ ∈ Λ be such that ad (y) is an E-bimodule morphism. Then we have for every vertex e ∈ Q 0 0 = eye − eye = e ad (y)(e) e = ad (y)(e) = ye − ey =
This shows that every path γ ∈ B satisfying λ γ = 0 is a cycle and so y = (e,γ)∈Q0//B λ γ γ. For every arrow a ∈ Q 1 we have
We deduce from this that the image of ad (y) ∈ Ad E e (Λ) by ξ is
and thus we obtain that the image of the Lie algebra Ad E e (Λ) by the isomorphism of Lie algebras ξ is Im ψ 0 .
q.e.d. 2.9
Remark 2.10 In general, the minimal projective resolution and the resolution considered by Gerstenhaber and Schack do not yield the same n-coboundaries and n-cocycles: for example in the case of hereditary algebras, i.e. Z = ∅, we have for n = 2 that Ker ψ 2 = 0, because k(Z//B) = 0, but the multiplication m ∈ Hom E e (Λ ⊗ E Λ, Λ) is a nontrivial 2-coboundary as well as a 2-cocycle of the complex yielded by Gerstenhaber and Schack's resolution. 3 The algebraic group of outer automorphisms of a monomial algebra
In this section, we assume that the characteristic of the field k is 0. Our aim is to relate the description of the Lie algebra H 1 (Λ, Λ) = Ker ψ 1 /Im ψ 0 obtained in the preceding section to the algebraic groups which appear in Guil-Asensio and Saorín's study of the outer automorphisms. Denote by Aut (A) the algebraic group of all k-algebra automorphisms of a finite dimensional k-algebra A. The group of inner automorphisms Inn (A) of A is the image of the morphism of algebraic groups ϕ : A * → Aut (A) given by a → ι a = conjugation by a. Thus Inn (A) is a closed normal and connected subgroup of Aut (A). The algebraic group of outer automorphisms Out (A) is defined as the quotient Aut (A)/Inn (A). Its identity component Out (A)
• is Aut (A)
• /Inn (A). Note that if A is a basic algebra, for instance the monomial algebra Λ, then the group Out (A) is isomorphic to the Picard group Pic k (A), that is the group of (isomorphism types of) Morita autoequivalences of the category of left A-modules (see [15] , p. 1860). [12] 11.5 and 12).
The automorphism group of any finite dimensional algebra was studied by Pollack in [15] . Guil-Asensio and Saorín worked on the outer automorphisms of any finite dimensional algebra (see [8] ). The case of the finite dimensional monomial algebras was treated by them in their paper [9] . We are going to follow their notations. Define the algebraic group
and denote by H
• Λ its identity component. According to [15] and to Proposition 1.1 of [9] we have Out (Λ) Proof: For every vertex e ∈ Q 0 we write G e := {σ ∈ GL(Λ) | σ(e) = e} and G e := {σ ∈ gl(Λ) | σ(e) = 0}. Thus we get the equality
Since we have assumed char k = 0, paragraph 13.2 of [12] shows that
and
The closed unipotent and connected subgroup
of H Λ is isomorphic as a group to the group of acyclic characters Ch(Q, k) appearing in Guil-Asensio and Saorín's paper (see definition 7 in [8] ). The group Inn * (Λ) := ϕ(1 + r) = {ι a ∈ Inn (Λ) | ∃x ∈ r such that a = 1 + x} is a closed unipotent and connected subgroup of Inn (Λ). We have
Define the algebraic groups
According to Proposition 1.1 of [9] we have H
Λ and therefore Out (Λ)
• can be described as follows: 
Since there is an inclusion preserving 1 − 1 correspondence between the collection of closed connected subgroups of Out (Λ)
• (resp. H Ker ψ 1 ) corresponding to the algebraic groups HΛ∩UΛ HΛ∩Inn * (Λ) and
We have the following dictionary:
Proposition 3.4 Let k be a field of characteristic 0 and Λ a finite dimensional monomial k-algebra.
(i) The Lie algebra of the closed connected normal subgroup
(ii) The Lie algebra of the closed connected subgroup V Proof: The derivation of the morphism of algebraic groups
is given by
Recall that we have shown in Proposition 1.8 that
is a Lie algebra isomorphism.
(i) : Since U Λ is the kernel of ε Λ we obtain, thanks to the assumption char k = 0, [8] ) and char k = 0 we deduce
Let x be an element of the radical r such that ad (x) is an E-bimodule morphism. The proof of Corollary 2.9 shows that x is a linear combination of oriented cycles of length ≥ 1, so x = (e,γ)∈Q0//B−Q0 λ γ γ with λ γ ∈ k. Since ξ(ad (x)) = (e,γ)∈Q0//B−Q0 λ γ ( a∈eQ 1 γa∈B (a, γa) − a∈Q 1 e aγ∈B (a, aγ)), we are done.
(iv) : It is obvious that the Lie algebra ofÊ is generated by the inner derivations ad (e) where e ∈ Q 0 . Since ξ(ad (e)) = a∈Q1e (a, a) − a∈eQ1 (a, a) the proof is finished.
q.e.d. 3.4 Using the notations which will be introduced at the beginning of the next section we get: of the connected algebraic group Out (Λ)
• is the Lie ideal ⊕ i≥1 L i of H 1 (Λ, Λ) and the Lie algebra of the closed connected subgroup
• is the Lie subalgebra
4 The Lie algebra H 1 (Λ, Λ) of a monomial algebra Since Hochschild cohomology is additive and since its Lie algebra structure follows this additive decomposition we will assume henceforth that the quiver Q is connected. For the study of the Lie algebra H 1 (Λ, Λ) of the monomial algebra Λ = kQ/ Z we will use the description which we obtained in Theorem 2.7. For every element x ∈ Ker ψ 1 we will also denote its class in H 1 (Λ, Λ) = Ker ψ 1 /Im ψ 0 by x. If (a, γ) ∈ Q 1 //B n and (b, ε) ∈ Q 1 //B m , the formula we have obtained shows that [(a, γ), (b, ε)] is an element of k(Q 1 //B n+m−1 ). Thus, we have a graduation on the Lie algebra k(Q 1 //B) = ⊕ i∈N k(Q 1 //B i ) by considering that the elements of k(Q 1 //B i ) have degree i − 1 for all i ∈ N. It is clear that the Lie subalgebra Ker ψ 1 of k(Q 1 //B) preserves this graduation and that Im ψ 0 is a graded ideal. Therefore, the Lie algebra H 1 (Λ, Λ) = Ker ψ 1 /Im ψ 0 has also a graduation. If we set Proof: Clear, since ψ 1 (a, e) = p∈Z (p, p (a,e) ) for every loop (a, e) ∈ Q 1 //Q 0 .
q.e.d. 4.1
We study first the subalgebra L −1 of H 1 (Λ, Λ). (iii) The characteristic of the field k is equal to 0.
(iv) Λ is a truncated quiver algebra kQ/ Q m for a quiver Q different from the loop and for m ≥ 2. (ii) The Lie algebra
(iii) The integer m ≥ 2 is equal to the characteristic p of the field k and p > 2. 
. As a consequence the study of the Lie algebra H 1 (Λ, Λ) can be often reduced to the study of the Lie algebra L 0 . We recall a few definitions introduced by Guil-Asensio and Saorín (see 2.3 in [9] and 25 in [8] ) for the convenience of the reader which will be useful in the following. The hereditary algebra where Z = ∅ and the truncated algebras where Z = Q m , m ≥ 2, are examples of monomial algebras whose ideal Z is completely saturated. Locateli studied the Hochschild cohomology of truncated algebras in [14] and Cibils treated the case of radical square zero algebras (see [2] ). It is clear that the relation of parallelism is an equivalence relation on Q 1 . Denote by Q 1 // its set of equivalence classes. We shall call a class of parallel arrows non trivial if it contains at least two arrows. It is easy to check that we have on every class of parallel arrows α = {α 1 , . . . , α n } ∈ Q 1 // the following equivalence relation
We denote by α/ ≈ its set of equivalence classes. For R, S ∈ α/ ≈ we write R ≤ Z S if there exist arrows a ∈ R and b ∈ S such that a ≤ Z b which is equivalent to saying that a ≤ Z b for all arrows a ∈ R and b ∈ S. Note that the relation ≤ Z on α/ ≈ is an order relation. The notion of saturation can be reformulated in terms of the Lie algebra structure: 
First we recall that for a couple of distinct arrows (a, b), the non zero terms of the sum defining p 
q.e.d. 4.7
Let B be a basis of L 0 as described in the preceding Proposition.
Remark 4.8 If the quiver Q has a (non oriented or oriented) cycle, then there exists at least one class of parallel arrows
For every class of parallel arrows α ∈ Q 1 // we denote by L α 0 the Lie ideal of L 0 generated by the elements (a, b) ∈ B such that a, b ∈ α. Obviously the Lie algebra L 0 is the product of these Lie algebras:
To study the radical of this Lie algebra we need the following Lemma:
. This is the case if and only if there exists an arrow α l ∈ α, α i = α l = α j , such that (α i , α l ) ∈ J and (α l , α j ) ∈ J. If (α i , α l ) ∈ [J, J] then we are done. If not we start again. Suppose that we have (α i , α l ) ∈ [J, J]. Thus there exists an arrow α k ∈ α−{α i , α l } such that (α i , α k ) ∈ J and (α k , α l ) ∈ J. The fact (α l , α j ) ∈ J implies (α j , α l ) ∈ J and so α k = α j . If (α i , α k ) ∈ [J, J] then we are done. If not we start again. Since α is a finite set, this procedure stops after a finite number of steps. 
Proof: Let I be the k-vector space generated by the above-described elements. If we define I α := I ∩ L α 0 we obtain I = α∈Q1// I α . Let α = {α 1 , . . . , α n } be a class of parallel arrows of Q. It is easy to check using the definition of the bracket on L 0 , that I α is a Lie ideal of L α 0 and that I (3)
From the fact that dim k I α < ∞ we deduce successively using the preceding Lemma that there exists an l ∈ N such that I 
. . , α im } be an equivalence class in α/ ≈, with m ≥ 2 if char k = 2 and m = 2 if char k = 2. The elements (α ip , α iq ), i p = i q , and (α ip , α ip ), i p = i m , form a basis of S L α 0 /I α and we have the relation
given by (α ip , α iq ) → e pq mod k1 is a Lie algebra isomorphism. Since pgl(m, k) is a semisimple Lie algebra if m ≥ 2 when char k = 2 and if m > 2 when char k = 2, we conclude that L α 0 /I α is a semisimple Lie algebra.
q.e.d. 4.10
Corollary 4.11 The semisimple Lie algebra (ii) Every equivalence class S of a class of parallel arrows α ∈ Q 1 // of Q contains one and only one arrow if the characteristic of the field k is not 2. In the case char k = 2 we have |S| ≤ 2 for all S ∈ α/ ≈, α ∈ Q 1 //.
Since in characteristic 0 the Lie algebra of a connected algebraic group is solvable if and only if the connected algebraic group is solvable (as a group), using Proposition 4.2 we infer the following result also proved by Guil-Asensio and Saorín (see Corollary 2.22 in [9] ): 
(ii) The quiver Q is a tree, Q has at least one non trivial class of parallel arrows and the ideal Z is completely saturated. If the characteristic of the field k is 2, then Q does not have a class of parallel arrows containing exactly two arrows.
(iii) H 1 (Λ, Λ) is isomorphic to the non trivial product of Lie algebras
where |α| = 2 if the characteristic of k is equal to 2.
Proof: Let B be a basis of L 0 as described in Proposition 4.7.
(i) ⇒ (ii) : If Q contained a (non oriented or oriented) cycle, there would exist a class α ∈ Q 1 // of parallel arrows such that (α, α) ∈ B for all α ∈ α (see 4.8) and so k( α∈α (α, α)) would be a nontrivial abelian ideal of L 0 which contradicts the fact that 0 = Rad
it is necessary that Q contains at least one nontrivial class of parallel arrows. Suppose that Z is not completely saturated. According to Remark 4.6 there exist two parallel arrows which are not equivalent. This means that there exists a class of parallel arrows α ∈ Q 1 // such that α/ ≈ contains at least two elements, say R and S. The properties of the basis B show that either a∈R (a, a) = 0 or a∈S (a, a) = 0 which contradicts the fact that Rad L 0 ⊂ Rad H 1 (Λ, Λ) = 0. The last statement is an immediate consequence of Theorem 4.10.
(ii) ⇒ (iii) : Let Q and Z satisfy the given conditions. From the fact that Q is a tree, we deduce i≥1 L i = 0 and so
. This and the fact that Q does not have an equivalence class containing two arrows if char k = 2, show that its radical is generated by the elements of type α∈α (α, α), α ∈ Q 1 //, (see Theorem 4.10). These elements being equal to zero we see that Rad H 1 (Λ, Λ) = 0 and Corollary 4.11 yields the result. (ii) The quiver Q is a tree, the quiver Q has exactly one class of parallel arrows α = {α 1 , . . . , α n } such that n ≥ 2 and the characteristic of the field k does not divide n. The ideal Z is completely saturated.
(iii) There exists an integer n ≥ 2 such that the characteristic of the field k does not divide n and H 1 (Λ, Λ) is isomorphic to the Lie algebra sl(n, k).
Since the first Hochschild cohomology group is the Lie algebra of the algebraic group of outer automorphisms in characteristic 0 (see Proposition 3.1), we get the following Corollary (see Corollary 4.9 in [9] for a partial result on hereditary algebras): (i) The algebraic group Out (Λ)
• is semisimple.
(ii) The quiver Q is a tree, the quiver Q has at least one non trivial class of parallel arrows and the ideal Z is completely saturated.
(iii) The algebraic group Out (Λ)
• is isomorphic to the non trivial product of algebraic groups α∈Q1// PGL(|α|, k).
Proof: In characteristic 0 a connected algebraic group is semisimple if and only if its Lie algebra is semisimple (see [12] 13.5). . Since Q is a tree, there is no path in B ′ := B −Q 0 ∪Q 1 of length ≥ 2 which is parallel to an arrow. From the fact that we have for every element σ ∈ H Λ ∩U Λ that σ(a) = a+ (a,γ)∈Q1//B ′ λ (a,γ) γ for all a ∈ Q 1 we deduce that H Λ ∩ U Λ = {id Λ }. As the ideal Z is completely saturated by assumption, any two parallel arrows are equivalent. Therefore the main Theorem 2.20 of the article [9] implies V • Λ ≃ α∈Q1// GL(|α|, k). Since the quiver Q is assumed to be a tree, we haveÊ = Ch(Q, k) = α∈Q1// k * I |α| thanks to example 8 in [8] . Hence we obtain Out (Λ)
The semisimplicity of the Lie algebra L(Out (Λ)
• ) = α∈Q1// pgl(|α|, k) implies the semisimplicity of the connected algebraic group Out (Λ)
• .
q.e.d. 4.18
The fact that in characteristic 0 the Lie algebra of a connected algebraic group is simple if and only if the connected algebraic group is almost simple, yields the following result: (i) The algebraic group Out (Λ)
• is almost simple.
(ii) The quiver Q is a tree, the quiver Q has exactly one class of parallel arrows α = {α 1 , . . . α n } of order n ≥ 2 and the ideal Z is completely saturated.
(iii) There exists an integer n ≥ 2 such that the algebraic group Out (Λ)
• is isomorphic to the algebraic group PGL(n, k).
In order to get criteria for the commutativity and the reductivity of the Lie algebra H 1 (Λ, Λ) we need to study its center. Therefore we introduce the following definitons: for every class of parallel arrows α of Q we call a set C ⊂ α connected, if for every two arrows α 1 and α r of C there exist arrows α 2 , . . . , α r−1 ∈ C such that we have α i ≤ Z α i+1 or α i+1 ≤ Z α i for all i ∈ {1, . . . , r − 1}. A connected set C ⊂ α is called a connected component of α if it is maximal for the connection, i.e. for every arrow β ∈ α − C there is no arrow α ∈ C such that α ≤ Z β or β ≥ Z α. Clearly the connected components of a class of parallel arrows α form a partition of α. 
. We assume now that Q does not have an oriented cycle. Then every path γ ∈ B of length ≥ 2 parallel to an arrow a cannot contain a and so [(a, γ), (a, a)] = (a, γ). Taking into account the fact
q.e.d. 4.20 Recall that a Lie algebra is called reductive if its radical and its center are equal. 
e. the relation ≤ Z is symmetric. Furthermore there exists no equivalence class S ∈ α/ ≈, α ∈ Q 1 //, containing exactly two elements if char k = 2. 
Since in characteristic 0 a connected algebraic group is reductive if and only if its Lie algebra is reductive, we deduce immediately using Proposition 3.1 and Corollary 3.5 The following Corollary is clear thanks to Proposition 3.1, because in characteristic 0 a connected algebraic group is abelian (resp. nilpotent) if and only if its Lie algebra is abelian (resp. nilpotent) (see [12] 13.4 and 10.5). It generalizes Guil-Asensio and Saorín's criterion on the commutativity of the algebraic group V
• Λ (= ε Λ (G Λ )) (see Corollary 2.23 in [9] ). • is abelian.
(ii) The algebraic group Out (Λ)
• is nilpotent.
(iii) For every path γ ∈ B parallel to an arrow a = γ there exists a path p of Z such that p (a,γ) = 0.
5 Application to group algebras where the group admits a normal cyclic Sylow p-subgroup
The starting point for the following application is the paragraph 'Représentations modulaires des groupes finis' in Gabriel's article [3] (see also [4] p.75). Let k be an algebraically closed field and G a finite group. If the characteristic of k does not divide the order of G, then Maschke's Theorem states that the group algebra kG is semisimple. Since k is supposed to be algebraically closed, this is equivalent to saying that the group algebra kG is separable and thus H 1 (kG, kG) = 0. So henceforth let k be a field of characteristic p dividing the order of G. Let n = p a q be the order of G with q prime to p. We are interested in this section in theand its supplement K. Proposition 4.3 shows that for every loop C of the quiver Q the Lie algebra H(kC/ C p a , kC/ C p a ) is semisimple if and only if p a = p > 2. (ii) ⇒ (iii) : Let G = K × C p and so χ = 1. Therefore Q is a disjoint union of loops. According to Proposition 4.3 we have for every loop C of the quiver Q that H 1 (kC/ C p a , kC/ C p a ) is isomorphic to the Witt Lie algebra W (1, 1). (iii) ⇒ (i) : This is clear, because the Witt algebra is one of the nonclassical simple Lie algebras if the characteristic p > 0 of k is different from 2.
q.e.d. 5.1
